We present results from a Monte Carlo simulation of the Nambu -JonaLasinio model, with continuous SU(2) ⊗ SU(2) chiral symmetry, in four Euclidean dimensions. Different model equations of state, corresponding to different theoretical scenarios, are tested against the order parameter data. The results are sensitive to necessary assumptions about the shape and extent of the scaling region. Our best fits favour a trivial scenario in which the logarithmic corrections are qualitatively similar to those predicted by the large N f approximation. This is supported by a separate analysis of finite volume corrections for data taken directly in the chiral limit.
I. INTRODUCTION
The Nambu -Jona-Lasinio (NJL) model [1] is a quantum field theory of fermions in which the only interaction is an attractive contact interaction between fermion and anti-fermion.
Its Lagrangian density is
where τ pq are Pauli spin matrices with indices p, q running over an SU (2) internal symmetry, and α runs over N f distinct fermion flavors. For bare mass m = 0 there is an SU(2) ⊗ SU (2) chiral symmetry
where U and V are independent global SU(2) rotations. The original motivation for studying the model (1.1) is that for coupling g 2 larger than some critical g 2 c it gives a qualitatively good description of dynamical chiral symmetry breaking in strong interaction physics, with order parameter Σ ∝ ψ ψ . At the large coupling strengths required for chiral symmetry breaking, the fermions interact by exchange of composite scalars and pseudoscalars. In the chiral limit the pseudoscalars are Goldstone modes, and are associated with physical pions. More recently, NJL models have been proposed as a description of the Higgs sector of the standard model [2] , in which the Higgs scalar appears as a fermion -anti-fermion bound state, and the Goldstone modes are absorbed into longitudinal gauge boson degrees of freedom.
In weak coupling perturbation theory (WCPT), the NJL model is non-renormalisable for d > 2, being plagued by quadratic divergences in four dimensions. However, a perturbative expansion made about the critical point g 2 = g 2 c in powers of 1/N f is known to be renormalisable for 2 < d < 4 [3] [4], and in d = 4 suffers from only logarithmic divergences, implying that a moderate separation between UV and IR scales can be made. Because the UV scale can never be completely eliminated from the theory by renormalisation without rendering the interaction strength vanishing, the model is trivial for d = 4; it shares this property with the model more conventionally used to describe the Higgs sector, namely the O(4) linear sigma model, which contains elementary scalar fields. Both models are believed trivial, and hence provide effective field theories only for scales ≪ Λ, the UV scale. At scales ∼ Λ, logarithmic scaling violations will manifest themselves, which in turn necessitate the introduction of higher dimensional operators corresponding to new physical information.
Taking these new operators into account, then in the sense that the number of undetermined parameters is the same for both NJL and sigma models, the two models have equal predictive power for the standard model [5] .
If we formulate definite lattice (ie. bare) actions based on these models, however, an approach perhaps more familiar in condensed matter physics, then triviality may manifest itself in distinct ways. For both models the upper critical dimension is four, ie. the symmetry breaking transition is described by mean-field (Landau-Ginzburg) critical exponents with logarithmic corrections. In the sigma model, deviations from mean field behaviour are welldescribed by WCPT, since the renormalised coupling is bounded by the fixed point value Note that Σ is measured in units of the cutoff, so that the argument of the logarithms diverges in the continuum limit. By contrast, symmetry breaking in the NJL model occurs for large coupling strength, and WCPT is inapplicable. An alternative expansion parameter, 1/N f , can be used [8] ; at leading order this yields a qualitatively different form for the equation of state [9] m = AtΣ + BΣ 3 ln 1 Σ .
The different behaviour can be traced to the fact that in the sigma model the scalar excitations are elementary, and the associated wavefunction renormalisation constant Z perturbatively close to one, whereas in the NJL model the scalars are composite, so that Z vanishes in the continuum limit for d < 4 where the model is renormalisable, and Z ∝ 1/ ln( lattice implementations of the chirally symmetric four-fermi interaction, namely the "dual site" formulation [15] used in [12] and in this study, and the "link" formulation used in a Monte Carlo study of the U(1) NJL model in [16] , may lie in different universality classes with distinct patterns of logarithmic scaling violations. Studies of the corresponding lattice models in three spacetime dimensions ("dual site" in [4] and "link" in [17] ), in which the two implementations yield radically different behaviour, support this scenario.
In this paper we extend the work of [12] with a numerical simulation of the SU(2)⊗SU (2) NJL model, for a small number of flavors N f = 2. The main motivation for this choice of fourfermi model, apart from the phenomenological reasons cited above, is that it has a maximal number of Goldstone excitations, all of which contribute to the O(1/N f ) quantum corrections to the equation of state. We hope to discriminate between the two forms (1.3) and (1.4), and in particular to see if (1.4) persists beyond leading order in 1/N f . In Sec. II we outline the lattice formulation of (1.1) using staggered fermions, and discuss its interpretation in terms of continuum four-component spinors. It turns out that in our simulation each lattice species describes eight continuum flavors, and hence the N f = 2 model requires N = In Sec. IV we examine data taken at vanishing bare mass, which is possible in four-fermi models formulated via the dual-site approach. Due to the masslessness of the pion in this limit the data is subject to a significant finite volume effect, which we attempt to account for using a formula first derived for the sigma model [11] . We find that the variation of the finite volume correction with g 2 can best be explained by assuming an equation of state : in other words, it is the finite volume corrections that seem most sensitive to the composite nature of the scalar excitations. The distinct triviality scenarios in NJL and sigma models [9] [12] are rephrased in terms of the pion decay constant f π . In Sec. V we present brief conclusions and directions for further work.
II. LATTICE FORMULATION OF THE MODEL
The lattice action we have chosen to study is written
where Ψ α are bosonic pseudofermion fields defined in the fundamental representation of SU(2) on lattice sites x, the scalar field σ and pseudoscalar triplet π are defined on the dual lattice sitesx, and the index α runs over N species of pseudofermion; the relation between N and the number of continuum flavors N f will be made clear presently. The fermion kinetic matrix M is the usual one for Gross-Neveu models with staggered lattice fermions [15] [4], amended to incorporate an SU(2) ⊗ SU(2) chiral symmetry:
where m is the bare fermion mass, the SU(2) indices p, q are shown explicitly, ε(x) ≡ (−1) x 1 +x 2 +x 3 +x 4 , and the symbol x, x denotes the set of 16 dual sitesx adjacent to the direct lattice site x. The 3 Pauli matrices τ i are normalised such that tr(τ i τ j ) = 2δ ij .
Integration over the pseudofermions yields the following path integral:
In terms of Grassmann fermion fields χ,χ, ζ,ζ, Z can be derived from the equivalent action
The auxiliary fields σ and π can then be integrated out to yield an action written completely in terms of fermion fields:
with ∂ / xy a shorthand for the free kinetic term for staggered lattice fermions. So, we see that the action (2.1) describes 2N flavors of lattice fermion, but with a flavor symmetry group U(N) ⊗ U(N). The interaction term in (2.4,2.5) has been normalised so that the gap equation coming from the leading order 1/N approximation agrees with that derived for lattice Gross-Neveu models having Z 2 [4] or U(1) [20] chiral symmetries.
Next we identify the global SU(2)⊗SU(2) chiral symmetry of the lattice model. This is most manifest in the form (2.4). Let P e (x), P o (x) be even and odd site projectors defined by
Then, noting that P e ∂ / P o = P e ∂ / etc, we find that (2.4) is invariant, in the chiral limit m → 0, under the combined transformation:
where U, V are independent SU(2) rotations. Note that (2.7) is a symmetry because Φ is proportional to a SU(2) matrix, and the auxiliary potential proportional to trΦ † Φ. This property does not generalise to larger unitary groups. The symmetry (2.7) is broken explicitly by a bare fermion mass, and spontaneously by the condensates χχ , ζ ζ . Now let us consider the continuum flavor interpretation. It is well known that fourdimensional staggered lattice fermions can be interpreted in terms of four flavors of Dirac fermion, which decouple at tree level in the long-wavelength limit. One way of seeing this is via a transformation to fields q,q defined on the sites y of a lattice of spacing 2a [21] : ) by (A;ỹ), then for A = (0, 0, 0, 0) the interaction reads
where the first matrix in the direct product acts on spin degrees of freedom, and the second on flavor. Equation (2.9) resembles the continuum interaction between fermions and the auxiliary scalars, except that the pseudoscalar current is non-singlet (but diagonalisable) in flavor space. However, for A µ = 1, A ν =µ = 0, say, the interaction is more complicated: if an effective kinetic term is generated by radiative corrections, then the ∆ µ Φ term may become irrelevant -this appears to be the case in two [15] [23] and three [4] dimensional models, where in each case there is a renormalisable expansion available. In four dimensions the NJL model is trivial: hence no continuum limit exists. Even in this case, though, we expect correlations to develop between the auxiliary fields in the vicinity of the continuous chiral symmetry breaking transition. In this case the unwanted interactions would manifest themselves as scaling violations if an interacting effective theory is to be described [5] .
From the arguments following (2.5) and (2.8) we now state the relation between the parameter N and the number of continuum flavors N f :
The extra factor of 2 over the usual relation for four-dimensional gauge theories arises from the impossibility of even/odd partitioning in the dual site approach to lattice four-fermi models: in other words the matrix M contains diagonal terms which are not multiples of the unit matrix. In this paper we wish to study a small number of continuum flavors N f = 2, which necessitates a fractional N = 0.25. This can be achieved using a hybrid algorithm, which produces a sequence of configurations weighted according to the action (2.3) by Hamiltonian evolution in a fictitious time τ [18] , the fields' conjugate momenta being stochastically refreshed at intervals. The advantage of this approach is that in the form (2.3) the variable N can readily be set to a non-integer value (though there is no longer a transformation to a local action of the form (2.5)); the cost is that the simulation must be run with a discrete timestep ∆τ . In principle several values of ∆τ must be explored, then the limit ∆τ → 0 taken. We have chosen to implement the "R-algorithm" of Gottlieb et al [19] , for which the systematic error is claimed to be O(∆τ 2 ).
We have tested the R-algorithm by extensive runs on a 6 4 lattice with parameters 1/g 2 = 0.56 and mass m = 0.01, the coupling being chosen to lie well into the broken symmetry For illustration we present results for two local quantities, the expectation value of the scalar field σ ≡ Σ, and the energy density ǫ given by
The results are shown in Figs. 1 and 2, together with quadratic fits of the form
Acceptable fits were found for all datasets except for the Σ data at N = 6, where the fit was restricted to ∆τ ≤ 0.1. We find good evidence that the systematic error is indeed O(∆τ 2 ). Moreover, the coefficients A(N) and B(N) are themselves adequately fitted by the Fig. 3 . This behaviour is expected from inspection of the hybrid equations of motion [18] [19] .
Since fluctuations in the system are suppressed by powers of 1/N, we see that for N = 0.25 systematic errors are likely to be dwarfed by statistical ones for reasonable simulation runs. In the work presented in the rest of this paper we took ∆τ = 0.05 just to be conservative and safe. In fact, for very small or vanishing bare mass m near the critical point where the order parameter is very small, we also did production runs with ∆τ = 0.025 to check explicitly that the systematic errors were smaller than the statistical errors.
The bulk of the results of this paper were generated on a 16 4 lattice with N = 0.25, using masses m ranging from 0.05 down to 0.0025. We have focussed our attention on the order parameter Σ, which differs from zero in the chiral limit only when chiral symmetry is spontaneously broken, and is simply related to the chiral condensate: Σ = In fact, because the interactions appear on the diagonal, M is sufficiently well-conditioned in the broken phase to permit simulations directly in the chiral limit m = 0. Of course, since spontaneous symmetry breaking cannot occur in a finite volume V , Σ is strictly zero in these simulations; definingΦ 14) then the next best thing to measure is
This quantity is numerically very close to Σ extrapolated to the chiral limit, but exceeds it in a finite volume. We will discuss the finite volume correction in more depth in Sec. IV.
Our results for |Φ| are given in Tab. II. To monitor finite volume effects directly we did a small number of runs on 12 4 and 20 4 lattices, and tabulate the results in Tabs. II and III Finally in this section we give details of the model's gap equation. In the large-N limit, for sufficiently strong coupling g 2 , the scalar auxiliary σ develops a spontaneous vacuum expectation value Σ even in the chiral limit m → 0. To leading order in 1/N the relation between Σ, the bare mass m and g 2 is given by the lattice tadpole or gap equation [4] : 
III. NUMERICAL FITS TO THE EQUATION OF STATE
In this section we report on fits to various trial forms for the equation of state m = f (Σ, 1/g 2 ) using data for the order parameter tabulated in Tab. I. We used the numerical package minuit to perform least squares fits, and in each case quote a standard error for the fitted parameters, and the χ 2 per degree of freedom, which gives a measure of the quality of the fit.
First we list the functional forms we have examined, in increasing order of sophistication:
I Mean Field (3 parameters):
This is the simplest form, arising from a mean field treatment neglecting fluctuations in the order parameter field.
II Power Law (5 parameters):
This is a more general version of I, derivable by renormalisation group arguments from the assumption that a fixed point exists at the transition corresponding to a diverging ratio between cutoff and physical scales. A useful discussion is found in [7] . The index δ is the standard critical exponent, and p = δ − 1/β, where β is another standard exponent.
III Ladder Approximation (4 parameters):
This is a restricted form of II based on the relation γ ≡ 1 ⇒ δ − 1/β ≡ 1, inspired by solution of the quenched gauged U(1) NJL model in ladder approximation [25] .
The last three fits all assume that the leading behaviour is described by the exponents of mean field theory (ie. δ = 3, p = 1), but with logarithmic scaling corrections. Since these corrections introduce a dependence on some ultraviolet scale, they imply that the renormalised theory near the fixed point can never be made independent of the cutoff, and hence that the continuum limit is described by a free field theory -this is the phenomenon of triviality. The standard scenario is derived using renormalised perturbation theory in the context of O(n) scalar field theory [6] [7] . This gives rise to:
IV Sigma Model Logarithmic Corrections (4 parameters):
Here the powers of the logarithmic terms are derived on the assumption that the effective field theory at the fixed point is the O(4) linear sigma model, which has the same pattern of symmetry breaking as our SU (2)⊗SU (2) model. Note that we include C, the UV scale of the logarithm, as a free parameter. Since the condensate data are measured in lattice units, we expect a plausible fit should have C of O(1).
V Modified Sigma Model Logarithmic Corrections (5 parameters):
Here we allow the powers of the logarithms to vary. This phenomenological form has been used extensively in fits of the equation of state of both non-compact lattice QED [13] [14] and the U(1) NJL model [16] . Note that we have set the UV scale in the logarithm to 1; fits in which both p and C are allowed to vary are inherently unstable, since ln(C/Σ) = const. + ln 1/ ln C (1/Σ), so that as Σ → 0 the functional forms become so similar that the covariance matrix becomes singular.
VI Large-N Logarithmic Corrections (4 parameters):
This form is predicted for the NJL model in the large-N limit [9] , and was used to fit data from the four dimensional Z 2 NJL model in [12] . There are important qualitative differences between form VI and the previous forms IV, V, due to the different role of the logarithmic term -i.e. the "effective" value of the exponent δ measured at the critical coupling is larger than the mean field value 3 for IV and V, but smaller than 3 for fit VI.
We also tried to fit slightly modified forms of IV -VI, eg, allowing separate scales in the logarithms, but the results were either unstable, or not sufficiently distinct from the six forms presented here to be worth reporting.
As we shall see, the main issue to arise when assessing the various forms (3.1-3.6) is how much of the data to include in the fit. We expect any fit only to be successful in some finite scaling region around the transition. To see this, consider fits using all 84 data points, shown in Tab In Fig. 5 we plot lines of constant 1/g 2 using III, showing that the lines are straight and make a poor job of passing through the data points. The plots from I and IV are almost indistinguishable. In Fig.6 we show the same plot for II, and in Fig. 7 the plot for V. These last two fits are relatively successful because they accommodate lines of constant 1/g 2 whose curvature changes sign according to which phase one is in.
Outside the fitted window form II copes slightly better in the broken phase. It is worth noting that forms II and V gave fits of similar quality when applied both to simulation results of both the U(1) NJL model [16] and non-compact QED [14] ; clearly the logarithmic correction of (3.5) can equally well be modelled by an effective δ > 3. We have checked that What has happened is that the data from this window prefer an effective value of p much closer to 1, and an effective δ now less than 3. This results, e.g. in the value of q 1 in fit V being very small, almost consistent with zero. The most impressive effect is that the logarithmic correction of form VI is now acting in the correct way to fit the data, moreover with a reasonable value for the UV scale C: in fit V this manifests itself in a relatively large negative value for the exponent q 2 . The form IV, which assigns a positive value to q 2 , is unstable.
In Figs. 8 and 9 we show Fisher plots for the forms II and VI respectively, using the fit parameters of Tab suggests that the variation of the data with m in the broken phase is not so well-described -clearly more low mass data will be needed to settle the issue, which in turn will require a quantitative understanding of finite volume corrections. We can claim, however, that there appears to be a dramatic switch in the preferred form of the equation of state according to whether the scaling window is chosen long and thin or short and fat in the (1/g 2 , m) plane.
In the next section we will consider data taken directly in the chiral limit, and find indirect evidence to support the short fat option.
IV. FINITE VOLUME CORRECTIONS IN THE CHIRAL LIMIT
In the previous section we made no attempt to correct for finite volume effects in the we expect that in a finite system |Φ| differs from the true order parameter Σ extrapolated to the chiral limit, because in the absence of a symmetry breaking term it is impossible to disentangle fluctuations of the order parameter field from those of the Goldstone modes;
including the effects of the latter will give |Φ| > Σ 0 , where Σ 0 denotes the value of Σ in the chiral limit. Only in the thermodynamic limit V → ∞ do we expect the Goldstone modes to average to zero and the two quantities to coincide. This phenomenon also occurs in numerical studies of scalar field theory, and has been analysed for the O(4) sigma model in [11] .
Formally, |Φ| corresponds to the minimum of a "constraint effective potential" in a finite volume V ; for the O(4) sigma model this can be calculated using renormalised perturbation theory. There is indeed a correction due to the Goldstone modes which is intrinsically
. Numerically, however, a far more significant correction to the calculation arises from the need to renormalise the model in order to relate lattice parameters to measured quantities. To one-loop order this results in a relation [11] 
where m R , g R are the renormalised scalar mass and coupling strength, L is the linear size of the system, and Z is the wavefunction renormalisation constant, defined as the coefficient of 1/p 2 in the unrenormalised pion propagator in the limit p 2 → 0. The factor B is a slowly varying function of m R L which accounts for the difference between one-loop integrals evaluated in finite and infinite volumes (for further background see [26] ). A fit to (4.1) for magnetisation data in the sigma model is given in Fig. 2 of [11] .
For the NJL model there is no reason for renormalised perturbation theory to apply;
however since the effective theory in the broken phase is similar to the sigma model, in the sense that it has the same light scalar degrees of freedom, we expect a result similar to (4.1) to hold. We will therefore attempt to account for the finite volume correction ∆ = |Φ| − Σ 0 with the formula
where the B factor has been set constant, and higher order effects are ignored.
The first prediction of (4.2) is that ∆ ∝ L −2 . To test this, we can compare |Φ| data taken at 1/g 2 = 0.48 from three different volumes against our best estimate for Σ 0 . From the data of Tab. II we see that |Φ| decreases with L as predicted. To evaluate Σ 0 , we use the two most successful fits to the equation of state from the previous section, each one characteristic of the two different hypotheses about the shape of the scaling window. The narrow scaling window 0.52 ≤ 1/g 2 ≤ 0.55 was best fitted by form V (3.5) using the parameters of Tab. V (the corresponding Fisher plot is shown in Fig. 7) ; in the chiral limit at 1/g 2 = 0.48 this form predicts Σ 0 = 0.3341 (we implicitly assume here that the equation of state fits apply to the thermodynamic limit). This is already equal to the value of |Φ| on a 12 4 lattice, and lies above |Φ| on larger systems, making it difficult to see how (4.2) applies. The second estimate comes from assuming a wide scaling window in 1/g 2 but excluding higher mass data. This was best described using form VI (3.6) using the parameters of Tab. VII (Fig. 9) ; the chiral limit prediction now is Σ 0 = 0.3030. In Fig. 10 we plot ( How do we reconcile this observation with (4.2), which apparently predicts ∆ ∝ 1/Σ 0 ?
The answer lies in the field dependence of the wavefunction renormalisation constant Z, which differs markedly between the ferromagnetic O(4) sigma model and the fermionic NJL model [8] [9] [12] . In the sigma model, Z is perturbatively close to 1 (as borne out by the data of [11] ), and hence ∆ ∝ 1/Σ 0 . In the NJL model, on the other hand, the large-N f approximation predicts Z ∝ 1/ ln(1/Σ 0 ) [8] , and hence
We can see this using another argument. In both sigma and NJL models, a Ward identity plus the assumption that both conserved current and transverse field couple principally to the Goldstone mode (in particle physics this mode is the pion, and the assumption is PCAC), leads to the relation [26]
where f π is the coupling to the axial current, or in the context of hadronic physics the pion decay constant. We thus have
(4.5)
Now, in the large-N f approximation (see Appendix for an explicit calculation), 
and again diverges in the continuum limit.
We tested the hypothesis (4.3) with a two parameter fit of the data of Tab. VIII to the form ∆ = A
With all points included we find A = 1.86(13), B = 1.10(11) with χ 2 /dof of 4.3; however if the 1/g 2 = 0.53 point is left out the fit is much more satisfactory: A = 1.40(10), B = 0.82 (6) with χ 2 /dof of 0.81. This fit is plotted in Fig. 11 . In either case it is reassuring that the UV scale of the logarithm is close to unity. It is also interesting that the fit accounts for the slight curvature in the plot, though this aspect is not tightly constrained by the current error bars. The fitted curve also rises sharply to pass close to the excluded point.
To conclude, we can account for our finite volume effects in the chiral limit under three assumptions:
(i) that the equation of state fits to the Σ data from the 16 4 lattice in the previous section, when extrapolated to the chiral limit, accurately describe the thermodynamic limit.
(ii) that the most appropriate form to extrapolate the equation of state is form VI (3.6), using the parameters of Tab. VII.
(iii) that the finite volume correction has the form (4.3).
The latter two assumptions are consistent with logarithmic corrections of the form advocated in [9] , which differ qualitatively from those used to describe triviality in scalar field theory.
V. DISCUSSION
It would appear that for the lattice sizes and bare masses used in this study, which are close to state-of-the-art (though recall that dual-site four-fermi models are relatively cheap to simulate), it is still difficult to distinguish different patterns of triviality, or indeed distinguish a trivial from a non-trivial fixed point, purely on the basis of fits to model equations of state; different assumptions about the size and shape of the scaling region result in different best fits. Only once the analysis of Sec. IV is applied to the data taken at zero bare mass does the form (3.6), associated with composite scalar degrees of freedom, appear preferred. Our principal conclusion is thus that the form (1.4), (3.6) is qualitatively correct beyond leading order in the 1/N f expansion.
The sensitivity of the preferred form of the equation of state to the shape of the assumed scaling window has implications for similar studies in related fermionic models, noteably the U(1) NJL model studied using the "link" formulation [16] , and non-compact QED 4 [14] ; the two recent studies cited attempt fits based on the power law form (3.2) and the modified sigma model form (3.5) , and find the two forms difficult to distinguish on the basis of χ 2 alone (in other words, a value of δ > 3 is difficult to distinguish from a logarithmic correction with q 2 > 0). In Tab. IX the values of q 1 and q 2 are shown for the two scaling windows used in this study, together with the quoted fits for the two other models from [16] and [14] , as well as theoretical values for the O(4) and O(2) sigma models [6] [7] , corresponding respectively to the broken SU(2)⊗SU(2) symmetry in this study, and the broken U(1) chiral symmetry of the models of [16] and [14] . Using the data of [14] one can examine the stability of the fitted q 1 and q 2 with respect to exclusion of higher mass data; the quoted value for q 1 appears quite stable, that for q 2 less so.
An outstanding issue is whether the disparity in the fitted values of the q exponents in Tab. IX means that the different lattice models lie in different universality classes. The analysis presented in this paper suggests that current lattice simulations are unable to decide. Unfortunately for the two models considered in [16] [14] there is no realisable way of simulating directly in the chiral limit, and hence the analysis of Sec. IV is unavailable. A useful direction to explore may be a simulation of the U(1) NJL model with the dual site formulation.
In this appendix we calculate the pion decay contant f π , defined by the PCAC relation
in the large-N f approximation of the NJL model. Diagrammatically the matrix element to analyse is shown in Fig. 12 . Note that the external pion leg yields a normalisation factor
, where Z is defined by the infrared limit of the pion propagator D π :
For d < 4 Z is finite. In the NJL model to leading order in 1/N f it is given by [4]
The matrix element is then given by
where details of Feynman rules and evaluation of p are also given in [4] . For d < 4 the integral can be evaluated to yield
We now take the chiral limit Σ 2 ≫ q 2 , valid for an on-shell pion; combining this step with relations (A1) and (A3) we find
This agrees with the result found for d = 3 in [27] .
Finally we examine the limit d → 4. Defining ε = 4 − d, we have
In d = 4 the model is no longer renormalisable, and we must introduce an explicit UV cutoff, which can be set to one by appropriate choice of units. On the assumption that the 1/ε term is then replaced by the logarithm of the cutoff, we are left with the scaling prediction 
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